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Abstract�In this paper, we study the propagation of data
uncertainty through the marching cubes algorithm for isosurface
visualization for correlated uncertain data. Consideration of cor-
relation has been shown paramount for avoiding errors in uncer-
tainty quanti�cation and visualization in multiple prior studies.
Although the problem of isosurface uncertainty with spatial data
correlation has been previously addressed, there are two major
limitations to prior treatments. First, there are no analytical
formulations for uncertainty quanti�cation of isosurfaces when
the data uncertainty is characterized by a Gaussian distribution
with spatial correlation. Second, as a consequence of the lack
of analytical formulations, existing techniques resort to a Monte
Carlo sampling approach, which is expensive and dif�cult to
integrate into visualization tools. To address these limitations, we
present a closed-form framework to ef�ciently derive uncertainty
in marching cubes level-sets for Gaussian uncertain data with
spatial correlation (MAGIC). To derive closed-form solutions, we
leverage the Hinkley’s derivation on the ratio of Gaussian distri-
butions. With our analytical framework, we achieve a signi�cant
speed-up and enhanced accuracy of uncertainty quanti�cation
over classical Monte Carlo methods. We further accelerate our
analytical solutions using many-core processors to achieve speed-
ups up to 585� and integrability with production visualization
tools for broader impact. We demonstrate the effectiveness of our
correlation-aware uncertainty framework through experiments
on meteorology, urban �ow, and astrophysics simulation datasets.

Index Terms�Uncertainty visualization, linear interpolation,
Gaussian.

I. INTRODUCTION

ISOSURFACE extraction is a commonly used technique
for visualization and analysis of complex scienti�c data.

The marching cubes algorithm (MCA) [1] is well-known
for level-set visualization of data sampled on uniform grids
and is integrated into many modern visualization tools and
libraries, including VTK [2], ParaView [3], and VisIt [4].
The behavior of the MCA is well understood for traditional
scalar-�eld visualization problems, but its performance on
noisy data with uncertainty is less well studied. Uncertainty is
inherent in all modern data pipelines with data acquired from
experiments, simulations, and observations, and needs to be
conveyed through visualization to help users better interpret
data and make informed decisions [5]�[8].

This paper was produced by the IEEE Publication Technology Group.
They are in Piscataway, NJ.

Manuscript received April 19, 2021; revised August 16, 2021.

In this paper, we study the problem of uncertainty propaga-
tion through the MCA for isosurface visualization, speci�cally
for the correlation-aware data model. Spatial correlation is
intrinsic to diverse types of uncertain scienti�c data resulting
from �ltering operations [7], ensemble simulations [9], as
well as truncation errors [10]. Unfortunately, many state-
of-the-art works ignore spatial correlation and assume the
independent and identically distributed (IID) uncertain data
model for visualization. The main reason for the IID as-
sumption is its convenience in terms of deriving theoretical
uncertainty bounds for features and high computational ef�-
ciency. IID models, however, can lead to an overestimation
or underestimation of uncertainty due to ignorance of the
correlation, reducing the quality of the visualization [11]�[15].
Incorporating correlation, therefore, is important for accurate
uncertainty visualization. However, the lack of theoretical
models in existing research to handle the data with correlation
is currently a signi�cant barrier to performing accurate and ef-
�cient uncertainty visualization. In this paper, we take a step to
address the research gap of the lack of a theoretical framework
to incorporate spatial correlation into isosurface uncertainty
quanti�cation for accurate and ef�cient visualization.

More speci�cally, there are two major challenges with state-
of-the-art uncertainty visualization techniques that consider
spatial correlation. First, the majority of existing techniques
use multivariate Gaussian probability distributions to model
data uncertainty with spatial correlation [11], [12], for which
there are no analytical solutions to compute and visualize
isosurface uncertainty. As a consequence of the lack of closed-
form solutions, most existing algorithms resort to Monte Carlo
sampling of multivariate Gaussian distributions to capture
spatial correlation and understand its effects on isosurface
uncertainty [11], [16], [17]. Although sampling techniques are
simple to implement, they are computationally expensive and
are slow to converge to an accurate solution, making their use
in interactive visualization tools challenging.
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Second, although a few approaches have been proposed
to ef�ciently compute isosurface uncertainty using closed-
form solutions [18]�[20], and subsequently circumvent the
costs of Monte Carlo solutions, they are derived for IID
models that disregard spatial correlation. Thus, the ef�ciency
of these methods comes at the cost of disregarding the spatial
correlation, and the resulting �whitened� (correlation-agnostic)
visualization discounts the actual uncertainty. There are three
major contributions in this paper that are aimed at addressing
the aforementioned research challenges for visualizing uncer-
tain Gaussian data with spatial correlation.
� We present a novel theoretical framework to calculate

MCA isosurface uncertainty for Gaussian uncertain data
with spatial correlation (MAGIC). In particular, we ex-
pand the previously proposed closed-form framework for
IID uncertainty models [19] to a multivariate Gaussian
model with spatial correlation. We demonstrate signi�-
cantly enhanced ef�ciency and accuracy of our closed-
form algorithms over classical Monte Carlo sampling
algorithms. We also show how incorporating data corre-
lation can signi�cantly change uncertainty visualization.

� We generalize the previous work for independent non-
parametric models [20] to nonparametric models with
a correlated Gaussian kernel. We show the higher ro-
bustness of nonparametric models to outliers, similar
to prior work [16], [20]. Moreover, we show improved
computational ef�ciency of our closed-form algorithms
for nonparametric models with correlation over classical
Monte Carlo sampling methods.

� We integrate our closed-form algorithms with Viskores
(previously, known as VTK-m) [21], [22], the visual-
ization library for many-core architectures, to accelerate
uncertainty computations. We showcase a speed-up of up
to 585� using our Viskores algorithms. Since Viskores
can act as a backend in modern visualization software,
including ParaView and VisIt, our Viskores algorithms
imply their broader impact. We demonstrate application
of our method to synthetic data where the ground truth is
known, as well as to real-world uncertain data in the �elds
of meteorology, urban �ow, and astrophysics simulations.

We organize our paper as follows: In Sec. II, we provide
an overview of background concepts, including the MCA
for �xed and uncertain data and formulation of the ratio of
Gaussian distributions, that are the backbone of our proposed
methods. Sec. III covers related work in isosurface uncertainty
visualization. Sec. IV and Sec. V describe our proposed meth-
ods, i.e., an isosurface uncertainty visualization framework
using parametric and nonparametric Gaussian density models.
The computational cost and hardware acceleration of our
proposed solutions are discussed in Sec. VI. Finally, results
on synthetic and real datasets are presented in Sec. VII with
conclusions and future work discussed in Sec. VIII.

II. BACKGROUND

A. Isosurface Extraction by the MCA
For a scalar-valued function f : D � R3 ! R over

domain D, the isosurface (I) for isovalue c is given by

I = fxjf(x) = cg. The MCA [1] takes a two-step approach
for isosurface extraction from function f sampled on a uniform
grid, as it marches through each grid cell. In the �rst step, it
extracts the isosurface topology. In particular, if the vertex
data is greater than the isovalue (i.e., f(v) > c), the vertex is
assigned the positive sign v+; otherwise the vertex is assigned
the negative sign v�. If all vertices of a grid cell are positive
or negative, the grid cell is determined not to be crossed by the
isosurface; otherwise, the isosurface topology con�guration is
chosen, from a predetermined set, that partitions the positive
and negative vertices.

In the second step of the MCA, the isosurface-crossing
position on the grid edge is estimated using the inverse linear
interpolation (ilerp) in grid cells that are crossed by the
isosurface. As illustrated in Fig. 1a, let x and y denote the
data values at vertices v1 and v2, respectively, of a grid edge.
For the linear interpolation model in the MCA, the isosurface-
crossing location for isovalue c on a grid edge is given by
the ilerp ratio z, where z = c�x

y�x with z 2 [0; 1]. More
speci�cally, the isosurface-crossing location p on an edge is
computed as p = zv2 + (1� z)v1.

B. MCA Isosurfaces in Uncertain Data

There are multiple prior works that studied visualization
of isosurfaces in uncertain data [11], [13], [16]�[20], [23].
Our correlation analysis expands upon the previous work of
Athawale et al. [19], [20] that depended on the IID assumption.
We provide a brief overview of that work. The isosurface
topology within a cell, in uncertain data, can be estimated
probabilistically by deriving the most likely vertex signs [19],
[20]. In particular, for a grid vertex v, Pr(v+) and Pr(v�)
are derived analytically for uncertain data with independent
distributions and �nite support (e.g., uniform). The most likely
vertex sign is then decided to be positive if Pr(v+) > Pr(v�);
otherwise it is decided to be negative. In this work, a closed-
form solution is presented for vertex sign assignment for
Gaussian-distributed uncertain data with spatial correlation.

Uncertainty in the data makes the value of the ilerp
ratio z, and hence, the isosurface-crossing location (i.e., p)
uncertain. As illustrated in Fig. 1b, we represent the uncertain
data at vertices v1 and v2 with the random variables X and
Y , respectively. Then the random variable for the ilerp
parameter is Z = c�X

Y�X . The previous work [19], [20] derived
the closed-form probability distribution of the random variable
Z, pdfZ(z), when X and Y are assumed to be independent
and have �nite support. In this work, we derive pdfZ(z) in
closed form when X and Y are correlated random variables
with a Gaussian distribution.

C. Ratio of Two Gaussian Random Variables

Here, we present the analytical formula for the probability
distribution of a ratio of two Gaussian random variables
that was developed in a series of papers from Fieller [24],
Marsaglia [25], and Hinkley [26]. This analytical formula
acts as the basis of our analytical derivation for the ilerp
distribution pdfZ(z) described in Sec. IV and V.
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Let N � N (�N ; �2
N ) and D � N (�D; �2

D) be the Gaussian
random variables (with mean � and standard deviation �)
denoting the numerator and denominator, respectively, of the
ratio random variable R = N

D . Let �ND and �ND denote the
Pearson’s correlation and covariance, respectively, between the
random variables N and D. Then the distribution pdfR(r) of
the random variable R = N

D is given as follows:
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III. RELATED WORK

Uncertainty visualization is an emerging area of research
that considers the important role uncertainty plays in pro-
viding trustworthy scienti�c discovery and decision-making.
Multiple survey reports provide an overview of state-of-the-
art uncertainty visualization research and future challenges [5],
[6], [27]�[29]. We have seen signi�cant advances in the
development of novel uncertainty visualization techniques that
can help represent uncertainty in scalar [30]�[36], vector [37]�
[41], and tensor data [42]�[44], and recently, in arti�cial
intelligence (AI) [45]�[51]. Considering the scope of this
paper with regard to isosurface uncertainty and the importance
of spatial correlation in data visualization, we provide an
overview of a few previous works related to these aspects.

Several studies have investigated the propagation of data un-
certainty into univariate isosurfaces [1] and their multivariate
versions, namely, �ber surfaces [52] and feature level-sets [53].
The pioneering work by P¤othkow et al. [11], [54] in devising
the probabilistic marching cubes algorithm for uncertainty
visualization of isosurfaces inspired many subsequent works
in uncertainty visualization of level-sets. In particular, multiple
efforts have been spearheaded for accurate and ef�cient un-
certainty visualization of univariate and multivariate level-sets
using diverse approaches, including summary statistics [55],
closed-form solutions [19], [20], [56], [57], data-driven/AI
techniques [9], [58], [59], and high-performance comput-
ing [60], [61]. These frameworks for isosurface uncertainty
visualization, however, either assume independence among
the data or use approximate computing (e.g., dimensionality
reduction, AI prediction) to account for data correlation.

Considering spatial data correlation is shown to be impor-
tant in accurately representing uncertainty, as ignoring correla-
tion can lead to overestimation or underestimation of probabil-
ities [11], [13], [17], [62]. Alternate versions of probabilistic
marching cubes exist that utilize Gaussian distributions with
spatial correlation to convey different metrics of isosurface
uncertainty, e.g., entropy of the MCA cases [17], sample
interval crossing probability in volume rendering [13], and

Fig. 1. Illustration of ilerp uncertainty. (a) The ilerp parameter z
illustrated for the �xed data x and y at vertices v1 and v2, respectively,
and isovalue c. (b) Ilerp probability distribution pdfZ(z) illustrated for the
Gaussian-distributed uncertain data X � N (�X ; �2

X) and Y � N (�Y ; �2
Y )

with covariance
P

. Our goal is to derive and visualize pdfZ(z).

attributes of isosurfaces, e.g., critical points [12]. Recently, a
copula-driven approach to capture correlation among probabil-
ity distributions [63] has been proposed to visualize positional
uncertainty of isosurfaces. However, these techniques use
expensive Monte Carlo sampling of high-dimensional space to
approximate solutions because of the absence of closed-form
solutions for Gaussian distributed data with spatial correlation.
Our work, therefore, derives a novel closed-form framework
as a remedy for the Monte Carlo approach to ef�ciently
compute isosurface uncertainty (or probability distribution)
and accommodate it into visualization tools.

IV. METHODS: MARCHING CUBES IN GAUSSIAN
UNCERTAIN DATA WITH SPATIAL CORRELATION (MAGIC)

We present MAGIC, a closed-form framework to quan-
tify and visualize marching cubes isosurface uncertainty for
Gaussian uncertain data with spatial correlation. Let F : R3 !
Rm denote the ensemble of m realizations of uncertain data
sampled on the spatial domain D � R3. Furthermore, suppose
the m realizations are drawn from a multivariate Gaussian
distribution N (�F ;

P
F ), where �F denotes the mean of the

ensemble F , and
P
F denotes the N �N covariance matrix

representing the spatial correlation among uncertain data at
N grid positions. We study how the uncertainty characterized
by the distribution N (�F ;

P
F ) is propagated into MCA

isosurfaces. In particular, this paper extends the prior work
by Athawale et al. [19], [20] by removing the IID assumption
and analyzing spatially-correlated uncertainty modeled with
Gaussian distributions.

A. Most Probable Topology Extraction
First, we derive the most likely isosurface topology given

that uncertain data F are drawn from the Gaussian distribution
with correlation F � N (�F ;

P
F ). Speci�cally, for vertex v,

we derive Pr(v�) = Pr(F � c) and Pr(v+) = Pr(F > c)
for Gaussian uncertain data, similar to the prior work [20], to
probabilistically decide the isosurface topology.

As marginals of multivariate Gaussian distributions are
again Gaussian, the isosurface topology with the maximum
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Fig. 2. Plots of the ilerp distribution pdfZ(z) in (a-c) and a plot of ilerp variance �2
Z vs. correlation �XY in (d). The matching shapes of the distribution

pdfZ(z) in (a-c) obtained using Monte Carlo sampling (blue histograms) and our analytical formulations (red curves) con�rm the correctness of our derivations
presented in Sec. IV-B1 and Sec. IV-B2. In all plots (a-d), �2

Z increases with an increase in the correlation �XY from �1 to 1.

likelihood for Gaussian uncertain data (without or with corre-
lation) can be computed by integrating the marginal Gaussian
distribution at a vertex (which corresponds to the statistical
mean of the uncertain data). We present more details on this
argument in Sec. A and Sec. B of Appendix A. Simply put,
the most likely isosurface topology for uncertain data with a
correlated Gaussian distribution is identical to the isosurface
topology extracted from the mean of uncertain data.

B. Inverse Linear Interpolation (ilerp) Uncertainty

Next, we quantify the uncertainty of ilerp analytically
when the uncertainty in the data is modeled with correlated
Gaussian. Let X � N (�X ; �2

X) and Y � N (�Y ; �2
Y ) be

Gaussian random variables, and let �XY denote the covariance
between them. Note that the distributions of X and Y represent
their respective marginal distributions of the N-dimensional
multivariate Gaussian N (�F ;

P
F ). Given these distribution

parameters, we derive the probability distribution of ilerp
random variable Z = c�X

Y�X , i.e., pdfZ(z), in closed form.
Fig. 1b depicts the problem setting for ilerp uncertainty.
We use the analytical formula of the distribution of the ratio
of two Gaussian random variables [24]�[26] in Eq. 1 as a
building block to derive pdfZ(z).

1) Independent X and Y : In this case, we assume that
the random variables X and Y are independent. Our ap-
proach comprises three steps. In the �rst step, we compute
distributions of the numerator N = c � X and denominator
D = Y � X random variables. In the second step, the
correlation �ND between the numerator and denominator
random variables is computed. In the last step, we substitute
the distributions of random variables N and D and correlation
�ND into Eq. 1 to compute pdfZ(z) in closed form.

Step 1: Since X � N (�X ; �2
X), the distribution of N =

c�X is Gaussian N (c��X ; �2
X). Furthermore, since X and

Y are independent, the distribution of D = Y �X is Gaussian
N (�Y � �X ; �2

X + �2
Y ). Thus, the distribution of the ilerp

random variable Z = N
D = c�X

Y�X is a ratio of two Gaussian
random variables.

Step 2: Although X and Y are independent, the numerator
N = c�X and the denominator D = Y �X are correlated
because they share the random variable X . The correlation
�ND between the random variables N and D can be derived
by computing the covariance �ND between them. In partic-

ular, the covariance �ND can be rewritten as follows with
expectation denoted by E:
�ND = cov(c�X;Y �X)

= E[(c�X)(Y �X)] � E[c�X]E[Y �X]
= E[(cY � cX �XY +X2)] � [c� E(X)][E(Y ) � E(X)]
= [E(X2) � E2(X)] � [E(XY ) � E(X)E(Y ))]
= �2

X � �XY
(2)

Since X and Y are independent, �XY = 0 in Eq. 2. Thus,
the covariance �ND equates to �2

X when X and Y are
independent. As derived in Step 1, the standard deviations
of N = c � X and D = Y � X are �X and

p
�2
X + �2

Y ,
respectively. Thus, the correlation �ND can be written as
follows:

�ND =
�ND
�N�D

=
�2
X

�X
p
�2
X + �2

Y

(3)

Step 3: The closed-form distribution pdfZ(z), therefore, can
be computed by substituting N � N (�N = c � �X ; �2

N =
�2
X), D � N (�D = �Y � �X ; �2

D = �2
X + �2

Y ), and �ND
(Eq. 3) into Eq. 1.

2) Correlated X and Y : In this case, we assume that the
random variables X and Y have a nonzero correlation. Our
approach again comprises the same three steps described in
Sec. IV-B1.

Step 1: Since X � N (�X ; �2
X), the distribution of

N = c � X is Gaussian N (c � �X ; �2
X). Since X and

Y are correlated with covariance �XY , the distribution of
D = Y �X is Gaussian N (�Y ��X ; �2

X+�2
Y �2�XY ). Thus,

the distribution of the ilerp random variable Z = c�X
Y�X is

a ratio of two Gaussian random variables N and D.
Step 2: Here, the numerator N = c�X and denominator

D = Y � X are correlated because they share the random
variable X . Thus, the correlation �ND between N and D can
be derived by computing the covariance cov(c�X;Y �X), as
detailed in Eq. 2. Since X and Y have a nonzero correlation,
in Eq. 2, �XY 6= 0. Thus, the correlation �ND in the case of
correlated X and Y can be written as follows:

�ND =
�ND
�N�D

=
�2
X � �XY

�X
p
�2
X + �2

Y � 2�XY
(4)

Step 3: The closed-form distribution pdfZ(z), therefore, can
be computed by substituting N � N (�N = c � �X ; �2

N =
�2
X), D � N (�D = �Y � �X ; �2

D = �2
X + �2

Y � 2�XY ), and
�ND (Eq. 4) into Eq. 1.
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3) 1D Example: Fig. 2a-c show results for a simple 1D
case, which validate our closed-form derivations of pdfZ(z).
In this 1D experiment, we set �X = 2, �Y = 10, �2

X = 0:7,
�2
Y = 0:7, c = 5, and �XY values as �1, 0, and 1. First, 10000

samples are drawn from a bivariate normal distribution of X
and Y with the aforementioned parameters, and ilerp values
for these samples are distributed across 100 equispaced bins
in the range [0; 1] to derive a histogram. The range [0; 1] is
considered because ilerp varies in this range on grid edges
within a cell in MCA [19], [20]. Next, the analytical solution
of pdfZ(z) is computed using our derivations for 100 ilerp
values corresponding to the histogram bin centers. Lastly, the
histograms of pdfZ(z) are plotted in Fig. 2a-c (blue) and
are overlaid with the analytical distributions (red curves). The
same shapes of analytical distributions and histograms con�rm
the correctness of our derivations.

Fig. 2d shows the plot of the variance of pdfZ(z), i.e., �2
Z ,

as a function of Pearson’s correlation �XY . As observed, �2
Z

increases with an increase in �XY from �1 to 1. This increase
in �2

Z with an increase in correlation can also be observed in
Fig. 2a-c through the spread of these probability distributions.
Intuitively, if X and Y have a strong negative correlation (e.g.,
Fig. 2a), the values of these variables diverge, making the ratio
Z = c�X

Y�X more deterministic (smaller �2
Z). In contrast, if X

and Y have a strong positive correlation (e.g., Fig. 2c), the
values of these variables change in the same direction, making
the ratio Z = c�X

Y�X less deterministic (larger �2
Z). These 1D

results emphasize that the correlation in the data should not
be ignored and must be considered for accurate quanti�cation
and visualization of uncertainty.

4) Computation of �Z and �2
Z: Our derivations enable us

to compute pdfZ(z) in closed form, where Z = c�X
Y�X . We

compute the mean �Z and variance �2
Z of the distribution

pdfZ(z) for visualization. Conceptually, �Z and �2
Z indicate

the expected value and variance, respectively, of isosurface
crossing position on a grid edge for the MCA. In Fig. 2,
we illustrate pdfZ(z) and its variance, i.e., uncertainty in the
isosurface crossing position, on a grid edge with domain [0; 1].
In Fig. 2c, �2

Z = 0:011 represents the standard deviation
�Z = 0:104, i.e., an overall variation of 10% fraction of a grid
edge from the expected position �Z . For all results in Sec. VII,
we utilize �2

Z to visually convey positional uncertainty of the
isosurface (similar to the prior works [19], [20]).

To compute its expected value �Z and variance �2
Z , we dis-

cretize the domain of Z, i.e., [0,1], and numerically compute
the result. Speci�cally, we compute pdfZ(z) in closed form at
each discretized point and use these values to compute �Z and
�2
Z . Such a computation is much more ef�cient and accurate

than numerical integration with Monte Carlo sampling.
The Monte Carlo approach suffers the drawbacks of slow

performance and convergence. Speci�cally, in Monte Carlo
sampling, the ratio Z = c�X

Y�X may not always belong to
the range [0,1]. So many samples must be drawn from the
distribution pdfX;Y (x; y) for the convergence of a histogram
representing pdfZ(z) over the range [0,1]. Thus, the speed
and accuracy of the computation of pdfZ(z) and its expec-
tation and variance depend on the number of samples and
histogram bins. The slower convergence of pdfZ(z) using the

Monte Carlo approach makes it a less practical choice for
visualization tools. We present qualitative, quantitative, and
performance comparisons of the proposed and Monte Carlo
sampling methods in Sec. VII.

V. METHODS: ISOSURFACE UNCERTAINTY FOR
NONPARAMETRIC MODELS WITH A GAUSSIAN KERNEL

We extend the proposed MAGIC framework (Sec. IV) to
more general nonparametric models. Nonparametric models
have been shown more robust to data outliers in multiple
previous studies [16], [20], [64] due to their ability to capture
skewness and multimodality of the underlying probability dis-
tributions. Kernel density estimation (KDE) [65] is a standard
nonparametric method, in which the probability distribution
is estimated by associating a kernel with each sample of
uncertain data and summing all kernels. Choosing optimal
kernel width (also known as bandwidth), however, is critical,
as it can in�uence results. There has been signi�cant research
in the statistical literature that proposes various approaches,
e.g., Silverman’s rule of thumb [66], which can be used to
determine the optimal kernel bandwidth.

A. Most Probable Topology Extraction
In a nonparametric setting, we again compute the most

probable vertex signs to extract the most probable isosurface
topology. Since the marginal of a multivariate Gaussian kernel
at a vertex is a univariate Gaussian kernel (similar to the
case of multivariate Gaussian distribution), the most probable
vertex sign can be computed by integrating the marginal
univariate Gaussian kernels. Speci�cally, the probability of
a vertex being negative [i.e., Pr(F � c)] can be calculated
analytically by summing the cumulative distribution function
for Gaussian kernels: Pr(v�) = 1

s
Pi=s
i=1 0:5(1 + erf( c�xip

2�
)),

where xi is the kernel center, � is the kernel bandwidth
estimated using the Silverman’s rule of thumb, and s is the
number of kernels. If Pr(v�) > Pr(v+), then the most likely
vertex sign is negative; otherwise it is positive. We present
more details on this argument in Sec. C of the Appendix A.

B. Inverse Linear Interpolation (ilerp) Uncertainty
One of the strengths of our approach over previous methods

is its ability to incorporate spatial correlation into kernel
bandwidth for ef�cient computation of ilerp uncertainty,
i.e., pdfZ(z), using our closed-form solutions. The previous
studies either did not consider correlation [20] or used Monte
Carlo sampling [16] to account for correlation. For s bivariate
Gaussian kernels corresponding to vertices v1 and v2 of a grid
edge (corresponding to s samples of uncertain data), pdfZ(z)
can be computed in closed form by going through all pairs of
kernels and summing their densities.

pdfZ(z) =
1
s2

i=sX

i=1

j=sX

j=1

pdfZi;j
(z) (5)

In Eq. 5, Zi;j represents the ilerp random variable for a
bivariate Gaussian kernel associated with the i’th sample (xi)
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at vertex v1 and j’th sample (yj) at vertex v2. In particular,
the kernel in KDE can be represented as KH(x�xp), where
K is a bivariate Gaussian kernel. In our case, H represents
the 2� 2 bandwidth matrix that captures the correlation, and
the pair xp = [xi; yj ] represents the mean. The bandwidth
matrix H can be estimated from samples using Silverman’s
rule of thumb [66]. In particular, in a bivariate case, H can be
computed by scaling the 2 � 2 sample covariance matrix of
uncertain data at vertices v1 and v2 by the factor n

�1
3 , where

n is the number of samples of uncertain data [67]. Thus, the
analytical solution pdfZi;j

(z) for the bivariate kernel KH(x�
xp) associated with a single pair of samples is computed using
the MAGIC framework (Sec. IV-B). Subsequently, the closed-
form ilerp distribution for all pairs of kernels is summed
up, which enables us to compute isosurface uncertainty much
more ef�ciently compared to the Monte Carlo approach.

VI. COMPUTATIONAL COMPLEXITY AND HARDWARE
ACCELERATION

A. Representation and Computational Costs
For the ensemble data F : R3 ! Rm with m realizations

of uncertain data, the uncertainty can be represented with
the uniform [19], Gaussian (Sec. IV), or nonparametric (
[16], [20], and Sec. V) noise models. Thus, the memory and
computational cost incurred to derive isosurface uncertainty
depends on the choice of the noise model. For the independent
uniform and Gaussian noise models, the mean and variance
�elds are stored per grid point. Therefore, these models are
the most memory ef�cient and reduce the data size by a factor
of m

2 . For the Gaussian model with correlation, we need to
store �ve �elds per grid point, namely mean, variance, and
covariance in three spatial dimensions. Thus, the Gaussian
model with correlation reduces the data size by a factor of
m
5 . Finally, nonparametric models have the highest memory

complexity; KDE uses all or a subset of samples per grid point
for density estimation, providing minimal memory reduction.

In terms of computational costs, determining the most
probable grid vertex sign for the uniform and Gaussian models
involves one computation per grid vertex, thereby leading to
a computational cost proportional to the grid resolution. For
nonparametric models, this cost is scaled by a factor of s,
where s is the number of uncertain data samples used for
KDE at a grid vertex.

The cost of computation of ilerp uncertainty, pdfZ(z),
is proportional to the number of most likely edges that are
crossed by the isosurface. In the case of the proposed Gaussian
models, this cost is scaled by a factor of d, where d denotes the
number of discretization points in [0; 1] at which the ilerp
density pdfZ(z) is computed in closed form. This is because
the expected value (�Z) and variance (�2

Z) of ilerp are
calculated using these d densities. In contrast, the cost is
scaled by a factor m in Monte Carlo sampling. In Monte
Carlo sampling, m samples are randomly drawn from the
probability distributions at the edge vertices, and their ilerp
values are distributed across the d histogram bins over the
range [0; 1], which is much more expensive because usually
m >> d. These costs are further scaled by a factor of s2 for

the nonparametric KDE model since each pair of kernels at
the edge vertices is taken into account for computation (Eq. 5).

B. Integration and Acceleration with Viskores
Although visualizing isosurface uncertainty can mitigate

misinformation, propagating uncertainty incurs memory and
computational overhead (Sec. VI-A). Recently, parallel algo-
rithms have been investigated to enhance the performance
and scalability of uncertainty visualization [60], [61]. These
techniques utilize the Viskores library [21], [22] to provide a
platform-independent and scalable implementation of uncer-
tainty visualization algorithms that can be easily integrated
into production visualization tools, including ParaView and
VisIt. Motivated by their approach, we integrate our algorithms
into Viskores for accelerated performance. Since the vertex
sign and ilerp uncertainty can be computed independently
at each grid vertex and edge, respectively, our algorithms are
embarrassingly parallel. We therefore integrate our algorithms
into a parallel version of the MCA that is part of the Viskores
library for hardware acceleration.

VII. RESULTS AND DISCUSSION

We examine the effectiveness of our isosurface uncertainty
visualization techniques through experiments on synthetic and
real datasets. Sec. VII-A and Sec. VII-B demonstrate the
results of the application of the proposed MAGIC framework
(Sec. IV) and nonparametric models (Sec. V), respectively.
Sec. VII-C demonstrates hardware acceleration (Sec. VI-B)
of the MAGIC framework. We use the 3D tangle [68], 2D
wind ensemble [69], 3D urban �ow ensemble [70], [71], and
astrophysics simulation [72] datasets for evaluation.

For all 3D results, we integrated our algorithms into the
C++ Viskores library [21]1. All 3D isosurface uncertainty
visualization renderings are performed in ParaView [3]. For
the 2D wind simulation results, we developed the Python
implementation of our methods and used the Matplotlib
library for visualization. All results in this paper are computed
on a 4:5 GHz 10-Core Apple M4 chip, except for the results
in Fig. 7b and Fig. 11. For the results in Fig. 7b and
Fig. 11, we used AMD’s MI250X GPU and 3rd Gen EPYC
CPU with 112 cores on the Frontier Supercomputer [73] at
the Oak Ridge National Laboratory (ORNL) to demonstrate
accelerated isosurface uncertainty visualization.

A. Gaussian Uncertainty with and without Correlation
1) 3D Tangle Dataset: We evaluate and validate the

MAGIC framework by �rst applying it to the synthetic tangle
dataset [68] with results presented in Fig. 3. Fig. 3a visualizes
the isosurface for the isovalue c = 27:6 extracted from the
ground truth tangle function (g) sampled on a uniform grid
with resolution 64 � 64 � 64. For our experiment, we create
an ensemble representing an uncertain tangle function with
spatial correlation �XY = 1 among grid vertices. In particular,
we create the ensemble F : D � R3 ! Rm with m = 14
realizations of the uncertain data. Of the 14 members, 12 are

1MAGIC Implementation: https://github.com/tusharathawale/MAGIC.
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Fig. 3. MAGIC framework for isosurface uncertainty visualization of the tangle dataset [68]. Image (a) visualizes the ground truth isosurface. The ensemble
with correlated noise (�XY = 1) is generated from the ground truth, and the isosurface from the mean of the ensemble is visualized in image (b). The mean-
�eld isosurface extracted with MCA breaks in the area enclosed by the blue box and does not convey its spatial uncertainty visually. Images (c)-(d) visualize
the isosurface uncertainty (i.e., �2

Z ) computed by ignoring spatial correlation, with higher positional uncertainty of isosurface observed in red near the broken
tangle connections. As seen from image (e), the runtime of the Monte Carlo solution (red and blue curves) increases with the number of samples, whereas the
closed-form solution (green curve) is much faster and independent of the number of samples. The serial execution (TSerial) of our methods in (d) is 85:91�
and 14:50� faster than the Monte Carlo solution with 4000 samples in (c) using serial (TSerial) and 10-Core OpenMP (TOpenMP) executions, respectively.
Furthermore, the absolute difference between the Monte Carlo and analytical solutions decreases (cyan curve) as the number of samples increases. Images
(f)-(h) show the results similar to images (c)-(e), respectively, but by considering spatial correlation. Considering spatial correlation prominently increases �2

Z ,
thereby providing more accurate uncertainty quanti�cation and visualization compared to ignoring correlation in (c)�(d).

generated by scaling the ground truth g with random numbers
in [0:99; 1:01], while the remaining two, denoting outliers, are
scaled by random numbers in [1:03; 1:07]. We then character-
ize uncertainty in the data using Gaussian distributions without
and with correlation for evaluation purposes.

Figure 3b visualizes the isosurface extracted using the MCA
from the mean �eld. The mean-�eld isosurface not only loses
features that connect the blobs of the tangle function (indicated
by the blue box) but also does not portray spatial uncertainty of
its positions. Figure 3c-d and Fig. 3f-g visualize isosurface
with uncertainty using independent and correlated Gaussian
models, respectively. For a Gaussian model, the mean and
covariance per grid vertex are estimated from the ensemble
members. In the independent Gaussian model, the nondiagonal
entries of the covariance matrix representing data correlation
are ignored. In contrast, the Gaussian model with correlation
considers the nondiagonal entries. The most likely isosurface
topology for the Gaussian uncertain data is the same as
the topology for the mean of uncertain data. The isosurface
topology, therefore, in all Gaussian results (Fig. 3c-d, f-g) is
the same as the mean-�eld isosurface topology (Fig. 3b).

In contrast to the mean-�eld isosurface in Fig. 3b, the
isosurfaces in Fig. 3c-d and Fig. 3f�g depict their spatial

uncertainty under independent and correlated Gaussian noise
models, respectively, with colormapped ilerp variance �2

Z
computed using the Monte Carlo approach and the proposed
MAGIC framework. As observed, uncertainty (mapped to red)
is prominent near broken connections among the tangle blobs
(blue boxes), and accounting for spatial correlation further
increases it near these breaks and the inner faces of the
isosurface. This is expected, as high positive correlation in
the data should correspond to increased �2

Z (Fig. 2). Thus,
accounting for correlation is necessary to ensure the accuracy
of uncertainty quanti�cation and visualization. Note that the
red circular patterns indicating relatively high tangle isosur-
face uncertainty in Fig. 3 arise from the way the uncertain
data were generated to model spatial correlation. Speci�cally,
ensemble members representing the uncertain data are created
by multiplying the ground truth by a constant factor, resulting
in a spatial correlation �XY = 1 throughout the domain of the
dataset. However, we refer readers to Fig. 4 in Appendix C of
the supplement, which shows a result for the uncertain tangle
dataset with random �XY , where no speci�c visual artifacts
related to isosurface uncertainty are observed.

We test the accuracy and performance of MAGIC with
respect to classical Monte Carlo sampling. We �rst compute
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the ilerp probability distribution, i.e., pdfZ(z), in closed
form using MAGIC at 100 equispaced points over the range
[0,1]. Because the computation is analytical, it is highly
ef�cient. For the Monte Carlo approach, we draw samples of
random variables X and Y at edge vertices with correlation
�XY and create a histogram of samples Z = c�X

Y�X distributed
over 100 bins in the range [0; 1] with a bin width of 0:01.
The Monte Carlo sampling approach can be expensive since
samples of Z may not always fall in the range [0; 1], and
a large number of samples are needed for the convergence
of pdfZ(z). For a fair comparison, both the analytical and
Monte Carlo solutions of pdfZ(z) are computed at the same
100 positions spaced 0:01 apart over [0; 1]. We then compute
�2
Z based on these 100 solutions.
The plots in Fig. 3e and Fig. 3h compare the performance

and accuracy of the Monte Carlo and proposed closed-form
approaches. As observed in these plots, the absolute difference
between the Monte Carlo and analytical solutions of �2

Z ,
summed over all grid edges, decreases as the number of Monte
Carlo samples increases from 100 to 10;000 (cyan curve). The
runtime of the Monte Carlo solution computed using serial and
10-Core OpenMP execution increases with the number of sam-
ples (red and blue curves), whereas our closed-form solution
with serial execution computes �2

Z accurately and ef�ciently in
time TSerial � 0:07 s (green curve). With serial execution, our
methods achieve speed-ups of up to 14:50� and 15:46� for
the independent and correlated models, respectively, compared
to Monte Carlo OpenMP execution with 4000 samples and
100 histogram bins. Thus, our closed-form serial approach
outperforms the 10-Core OpenMP Monte Carlo method with
4000 samples, demonstrating higher speed without additional
compute resources. Note that our closed-form techniques can
also be accelerated using parallel hardware; for example, see
the OpenMP timings (TOpenMP) reported in Fig. 3d and Fig. 3g.
In summary, the proposed MAGIC framework enables ef�cient
and accurate computation and visualization of isosurface un-
certainty, outperforming classical Monte Carlo algorithms.

Figure 4 presents an example of how the uncertainty vi-
sualization can play a critical role in helping to resolve the
isosurface uncertainty. In Fig. 4, the top row depicts the
isosurfaces extracted from the �rst, 13th, and 14th ensemble
members. The �rst ensemble member has a relatively low
noise level, similar to the �rst 12 members; consequently,
their isosurfaces closely resemble the ground truth isosurface
(Fig. 3a) without topological changes. The 13th and 14th
members are outliers with relatively high noise levels, leading
to broken connections among the tangle blobs. Note that the
isosurface appears smooth even at higher noise levels, since
the ensemble was created by simply scaling the original data.

The bottom row in Fig. 4 depicts the uncertainty visualiza-
tion for the ensemble members. The uncertainty visualization
for the �rst 12 ensemble members indicates relatively small
positional uncertainty (mapped to white or light yellow) across
most of the isosurface, as well as the potential presence of
connections among the tangle blobs (indicated by a blue
box). In contrast, the uncertainty visualizations with 13 or
14 ensemble members signi�cantly magnify the uncertainty
values (�2

Z) and degrade the connections among the tangle

Fig. 4. Uncertainty visualization as a mechanism to resolve the isosurface
uncertainty for the tangle dataset. The top row depicts the isosurfaces of the
individual ensemble members. The �rst ensemble member has a low noise
level and thus resembles the ground truth visualized in Fig. 3a. The �rst
12 ensemble members have noise levels similar to that of the �rst member.
The 13th and 14th ensemble members are outliers with relatively high noise,
leading to cracks in the isosurface. The bottom row visualizes uncertainty
across the ensemble members. The level of uncertainty (i.e., �2

Z ) drastically
increases as the number of members increases from 12 to 14. Thus, the
isosurface is expected to connect the tangle blobs (indicated by a blue box in
the bottom left image) based on the analysis of �rst 12 ensemble members,
whereas the 13th and 14th members are potential outliers that degrade the
quality of the isosurface reconstruction.

blobs (again indicated by blue boxes). All three renderings
are extremely ef�cient with our closed-form solution, taking
approximately 0:07 s to compute. These uncertainty visual-
izations indicate that the 13th and 14th ensemble members
are potential outliers, consistent with the way the data were
generated. Thus, the uncertainty visualization with the �rst
12 members recovers the tangle blob connections with low
uncertainty level (consistent with the ground truth in Fig. 3a)
and helps users to resolve the isosurface uncertainty.

2) 2D Wind Dataset: Figure 5 visualizes the velocity
magnitude �eld of the wind ensemble [69] with 15 members.
The dataset pressure level wind with forecast and perturbed
parameters for a pressure level at 200 hPA and a forecast hour
0 on January 01, 2015 is downloaded from the NCEP ensemble
system2. The spatial ranges 150�W-49:5�W and 90�N-10�S
are discretized at resolution 1:5�, resulting in a 68� 68 grid.
We study positional uncertainty in the velocity magnitude
isosurface for the isovalue �40.

Figure 5a visualizes the spaghetti plot of isocontours [74]
extracted from all ensemble members. Regions of high spa-
tial uncertainty of isocontours are indicated by blue boxes.
Spaghetti plots provide a good overview of spatial uncertainty,
but they suffer from occlusion and clutter issues. The problem
of occlusion and clutter is severe in 3D visualization. Figure 5b
visualizes the isocontour extracted from the mean of the
ensemble. The mean-�eld isocontour provides no information
about its positional uncertainty. Figure 5c visualizes the en-
tropy of the probability distribution of the marching cubes
topology cases [17] for Gaussian uncertain data with spatial

2http://iridl.ldeo.columbia.edu/SOURCES/.ECMWF/.S2S/

This article has been accepted for publication in IEEE Transactions on Visualization and Computer Graphics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TVCG.2026.3653244

© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Oak Ridge National Laboratory. Downloaded on January 15,2026 at 00:01:52 UTC from IEEE Xplore.  Restrictions apply. 



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 9

Fig. 5. Isocontour uncertainty visualization for the velocity magnitude �eld of the wind ensemble dataset [69]. (a) The spaghetti plot depicts isocontours across
all ensemble members. Regions of high spatial uncertainty are indicated by blue boxes. (b) The isocontour of the ensemble mean does not convey its positional
uncertainty. (c) The marching cubes entropy visualization [17] depicts the isocontour uncertainty. (d) The ilerp uncertainty (�2

Z ) is visualized for the most
probable isocontour using the independent uniform noise model [19]. (e) The ilerp uncertainty is visualized by accounting for spatial correlation using the
proposed MAGIC framework. The importance of considering correlation is observed through increased �2

Z values (prominent red in image e) compared to
the independent model (d) and high resemblance with the entropy metric (c). The ilerp uncertainty computation (e) with serial execution (TSerial) is much
faster than the entropy visualization; however, it may miss low-entropy/low-probability features (e.g., the one indicated by the brown box in image c).

correlation. The entropy metric clearly highlights positions of
high spatial uncertainty in red. The entropy method, how-
ever, resorts to Monte Carlo sampling of an 8D multivariate
Gaussian distribution (representing uncertain data at the eight
vertices of a 3D grid cell) to estimate entropy values for
each grid cell, followed by image rendering for visualization.
The entropy computation with serial execution takes time
TSerial = 8:38 s.

Figure 5d visualizes the result of application of the previous
work [19] to the ensemble dataset, which circumvents the
inef�ciency of Monte Carlo models by analytically computing
the ilerp variance �2

Z (representing uncertainty in isocontour
vertex positions) assuming the independent uniform model.
The uncertainty �2

Z is then visualized by colormapping it on
the most likely isocontour (as opposed to the image rendering
approach in Fig. 5c). The independence assumption, however,
leads to underestimation of �2

Z , as observed from multiple
yellow regions in Fig. 5d.

In contrast to independent models, Fig. 5e visualizes ilerp
variance �2

Z while accounting for spatial correlation using
the MAGIC framework. The importance of considering spa-
tial correlation is evident through the ampli�ed �2

Z values
(prominent red in Fig. 5e) and its high resemblance to the
entropy visualization in Fig. 5c. Note that in Fig. 5e, the
colormapped uncertainty (�2

Z) is not intended to indicate good
or bad local isocontour variance values. Rather, it highlights
how accounting for spatial correlation magni�es and more
accurately depicts uncertainty compared to Fig. 5d, which
ignores spatial correlation. The uncertainty visualization in
Fig. 5e with serial execution takes time TSerial = 0:91 s
and is much faster than the image/volume rendering-based
uncertainty visualization paradigm (Fig. 5c). The surface-
based uncertainty visualization paradigm, however, can miss
a few low entropy/probability features compared to image-
rendering methods (e.g., the low-entropy feature marked by
a brown box in Fig. 5c), and image-based methods are more

robust in displaying these features.
3) 3D Turbulent Simulation Through New York City (NYC):

Next, we visualize the results for the 3D turbulent �ow simu-
lation. These data come from a Large Eddy Simulation (LES)
of �ow through part of Manhattan, NYC, just south of Central
Park [70], [71], [75]. The �ow is simulated through a domain
of 1:310 � 1:716 � :572 km3 with 2 m grid spacing, neutral
buoyant stability, periodic horizontal boundary conditions, and
an enforced mean of 20 m/s �ow from the west at a height of
500 m throughout the one hour of simulation. To investigate
uncertainty with regard to the subgrid-scale (SGS) turbulence
parameterization, three different parameters (total dissipation,
shear production, and dissipation rate) are run at default values,
as well as, half their default values, tensored into a total of
2 � 2 � 2 = 8 simulations. Figure 6 visualizes positional
uncertainty in the isosurface of the time-averaged speed of the
vertical component of wind among the eight simulations. We
use a subset of the data with grid resolution 256� 168� 190
for uncertainty visualization. Understanding uncertainty in the
SGS turbulence closure formulation and parameters is critical
to understanding how to best modify these parameters to match
observations in urban �ow and dispersion applications.

Figure 6a visualizes the isosurface extracted from the en-
semble mean, which does not portray its spatial uncertainty.
Figure 6b visualizes a spaghetti plot of three isosurfaces,
colored blue, magenta, and yellow, each with an opacity 0:4.
The spaghetti plot signi�cantly suffers from occlusion and
clutter issues in 3D and leads to undesired surface colors due to
color blending. Figure 6c visualizes the result of probabilistic
marching cubes [11], which uses a volume-rendering-based
approach to visualize isosurface uncertainty. In particular, the
cell-crossing probability (i.e., the probability of an isosurface
crossing a grid cell) is visualized with positions of low cell-
crossing probability (high uncertainty) colormapped to red.
This algorithm, however, can be dif�cult to integrate into
visualization tools, given that its computational performance
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Fig. 6. Isosurface uncertainty visualization of the vertical component of wind velocity over Manhattan, NYC, rendered in ParaView. (a) MCA isosurface
extracted from the ensemble mean, which does not indicate its spatial uncertainty. (b) The spaghetti plot of isosurfaces extracted from three ensemble members
colored in blue, magenta, and yellow. (c) Uncertainty visualization using volume-rendering-based probabilistic marching cubes, which computes the result
in 813:14 s and 146:87 s using serial [11] and OpenMP (10 parallel threads) [60] backends with 50 Monte Carlo samples per grid cell. Furthermore, the
data-driven eigenvalue decomposition approach with OpenMP computes the result in 29.92 s. (d) Uncertainty visualization of ilerp variance (�2

Z ) using a
surface-based-approach that modeled data uncertainty with an independent uniform model [19]. These models are fast but do not account for spatial correlation.
(e-f) Visualizations using our proposed approach for the Gaussian model. Considering spatial correlation (f) markedly ampli�es and highlights the ilerp
variance �2

Z in certain regions of the isosurface (e.g., the region enclosed by the cyan box) compared to the independent models (d-e). The high uncertainty
within the cyan box in image (f) is consistent with signi�cant spatial variability of isosurfaces observed in images (b) and (c). The visualizations in images
(d)-(f) are much faster than (c), even with serial execution. (g) Depiction of the absolute difference between the results of the correlated Gaussian model
and the independent Gaussian model, evidencing the uneven magni�cation of �2

Z values (e.g., relatively high variance magni�cation within the blue boxes
compared to other regions). (h) Uncertainty rendering using the probabilistic point displacement method [34].

depends on the availability of computational resources and the
number of Monte Carlo samples. For example, probabilistic
marching cubes [11] with serial execution requires TSerial =
813:13 s to compute the result with merely 50 samples per
grid cell. This computation time reduces to TOpenMP = 146:87
s using a parallel OpenMP backend [60] with 10 computational
threads, and further to TOpenMP = 29:92 s using data-driven
optimization with OpenMP [9]. Note that these times further
increase with the number of samples (the dependence on the
number of samples is illustrated later in Fig. 7).

Figure 6d-e use a surface-based uncertainty visualization
paradigm, where the positional uncertainty of isosurface ver-
tices is depicted by colormapping their variance �2

Z , computed
using the independent uniform [76] and the proposed indepen-
dent Gaussian models, respectively. The results of both models
look quite similar, thus validating our approach. Note that
�2
Z values appear slightly higher in the independent Gaussian

model compared to the independent uniform model, due to
greater weight assigned to the mean values.

Figure 6f visualizes the result for the proposed Gaussian
model with spatial correlation. The ilerp uncertainty �2

Z
is markedly ampli�ed in many regions (prominent red) when
spatial correlation is considered. The cyan boxes mark the
positions where the uncertainty is portrayed to be high (promi-
nent red) in the correlated model (Fig. 6f) but low (orange/mild
red) in the independent models (Fig. 6d-e). The high uncer-
tainty portrayed in Fig. 6f within the cyan box is consistent
with the high uncertainty of isosurface positions observed in
Fig. 6b-c. Again, similar to the wind dataset result in Fig. 5e,
the colormapped uncertainty visualization in Fig. 6f does not
indicate good or bad local isocontour variance (�2

Z) values.
Instead, it highlights how incorporating spatial correlation
magni�es and more accurately portrays uncertainty compared
to the results in Fig. 6d-e, which ignore spatial correlation.
Surface-based uncertainty visualization results in Fig. 6d-f,
even with serial execution, are signi�cantly faster than the
volume-rendering-based uncertainty visualization result shown
in Fig. 6c. In particular, the result in Fig. 6f, computed using
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serial execution, is 19:05� faster than the OpenMP data-driven
optimization result [9] shown in Fig. 6c.

Figure 6g visualizes the colormapped difference (��2
Z)

between the results of correlated and independent Gaussian
models, where �2

Z values for the independent model are sub-
tracted from those for the correlated model. Most differences
are positive considering the positive correlation among the
ensemble members in most grid cells. The difference image
in Fig. 6g demonstrates the uneven or nonlinear magni�cation
of �2

Z values caused by accounting for spatial correlation.
Speci�cally, the colormapped difference image in Fig. 6g does
not resemble the variance visualizations in Fig. 6e and Fig. 6f,
demonstrating the nonlinear stretching of variance values
across the isosurface vertices. Note that the magni�cation of
�2
Z for an isosurface vertex also depends on the variances �2

X
and �2

Y of the uncertain data at the vertices of a grid edge, as
seen in Eq. 4. In Fig. 3 of Appendix B in the supplement,
we demonstrate the nonlinear relationship of �2

Z with the
correlation �XY and the variances �2

X and �2
Y . Such nonlinear

stretching of isosurface uncertainty values due to the inclusion
of correlation underscores the importance of accounting for it
in uncertainty visualization.

For all our results, we have used pseudocolor-
ing/colormapping as a visual metaphor to convey isosurface
uncertainty, following the approach proposed by Rhodes
et al. [77]. However, several other techniques have been
proposed that modulate the isosurface geometry to effectively
communicate uncertainty. Fig. 6h visualizes such a result
using the probabilistic point displacement method proposed
by Grigoryan and Rheingans [34], [78]. Speci�cally, points
on the isosurface are displaced along the surface normal
and assigned opacity proportional to the derived �2

Z . Points
placed farther from the mean-�eld isosurface (rendered in
blue) highlight the uncertain regions (e.g., those within
the cyan box). Similarly, other surface attributes, such as
shading and surface normals, can be perturbed proportional to
uncertainty for effective communication of uncertainty [79].
We acknowledge that further research is needed to develop
effective visual representations of isosurface uncertainty.

Fig. 7. Performance comparison of Monte Carlo and our closed-form
uncertainty visualization methods for the correlated Gaussian model on (a)
Apple M4 chip and (b) Frontier supercomputer.

Figure 7 demonstrates the computational bene�ts of our
closed-form approach over the state-of-the-art Monte Carlo
techniques for the NYC dataset. Figure 7a and Fig. 7b show
computational comparisons on the Apple M4 processor and

Frontier supercomputer [73], respectively. As seen in Fig. 7a,
the classical probabilistic marching cubes algorithm executed
on a serial processor [11] (the dark blue curve) exhibits the
slowest computational performance and limited scalability as
the number of Monte Carlo samples increases. The paral-
lelized version of the same algorithm executed on an OpenMP
backend with 10 threads using the FunMC2 �lter [60] (the
sky blue curve), however, is much faster. The data-driven
probabilistic marching cubes algorithm computed using the
eigenvalue decomposition (with the top eigenvalue) [9], with
serial (red curve) and OpenMP (orange curve) backends,
is much faster than execution on the respective backends
without data-driven optimization (blue curves). Furthermore,
the eigenvalue decomposition approach scales better than the
classical Monte Carlo sampling (as evidenced by the lower
slopes of the red and orange curves compared to the blue
curves), since it samples a 1D space (corresponding to the
top eigenvalue) instead of an 8D space (corresponding to the
eight cell vertices). Figure 7b demonstrates even further speed-
up using GPU and OpenMP on the Frontier supercomputer.
The proposed MAGIC framework (green curve), however, is
the fastest among all techniques, computing results nearly
instantly on a serial processor without requiring additional
compute resources or data-driven optimization and without
depending on the number of Monte Carlo samples.

B. Nonparametric Models with Gaussian Kernel
We now demonstrate the results of the proposed nonpara-

metric density estimation with a Gaussian kernel on various
datasets.

1) 3D Tangle Dataset: Figure 8 visualizes the results for
the same uncertain tangle dataset used in Sec. VII-A1 using
the KDE model with a Gaussian kernel. Since the ensemble
dataset contains two outlier members, the Gaussian model
breaks the connections among the tangle blobs, as visualized
in Fig. 8a. However, as observed in Fig. 8b, the missing
connections among the tangle blobs are recovered using the
KDE model (consistent with the ground truth in Fig. 3a) due
to its higher robustness to outliers [16], [20]. In addition,
the red regions indicate prominent uncertainty near the blob
connections.

Fig. 8. Nonparametric model with a Gaussian kernel (b) vs. Gaussian
distribution (a). The nonparametric model recovers the broken connections
among the tangle blobs, unlike the Gaussian distribution model (e.g., regions
marked by the blue boxes), which is consistent with the ground truth visualized
in Fig. 3a.

For KDE with correlation in Fig. 8b, the bandwidth matrix
H is computed using Silverman’s rule of thumb. For the KDE
result, we con�rmed that the error of the classical Monte
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Carlo sampling solution relative to our proposed closed-form
solution decreases as the number of Monte Carlo samples
increases, similar to Fig. 3e and Fig. 3h (not explicitly shown).
KDE Monte Carlo sampling is much more expensive than
sampling for uncertainty modeled with a single Gaussian. With
200 Monte Carlo samples per Gaussian kernel associated with
each uncertain data sample at a grid vertex (with 14 Gaussian
kernels per vertex), the KDE with correlation required 308:92 s
(which is much longer than the time required by 4000 samples
in Fig. 3). In contrast, our closed-form KDE solution computed
the result in 11:44 s. Thus, the observed speed-up is 27� for
200 samples per kernel.

2) 3D Turbulent Simulation through NYC: Figure 9 visual-
izes results for the same ensemble dataset used in Sec. VII-A3.
Figure 9a and Fig. 9b visualize the results of the application
of the previous work on KDE with an independent uniform
kernel [20] and proposed KDE with an independent Gaussian
kernel, respectively. These KDE results with the data indepen-
dence assumption look quite similar. The KDE with a uniform
kernel is much faster than one with the Gaussian kernel.

Fig. 9. Closed-form uncertainty computation and visualization using nonpara-
metric models for the data used in Fig. 6. The KDE with a correlated Gaussian
kernel (image c) ampli�es the isosurface vertex uncertainty (�2

Z ) in certain
regions (e.g., cyan boxes) compared to the models that ignore correlation
(images a and b).

Figure 9c visualizes the result for the KDE with a correlated
Gaussian kernel. Considering spatial correlation emphasizes
uncertainty in many regions, as observed through darker
shades of red. Cyan boxes illustrate positions where uncer-
tainty is signi�cant in the KDE with correlation (Fig. 9c)
compared to the underestimation of uncertainty in the KDE
without correlation (Fig. 9a-b).

3) 3D Supernova Simulation: In Fig. 10, we show results
for the supernova dataset [72] to demonstrate the performance
and qualitative comparisons of our methods with respect to the
state-of-the-art entropy [17] and cell-crossing probability [11]
metrics for isosurface uncertainty visualization. Figure 10a
visualizes the ground truth isosurface of the iron �eld of the
supernova simulation with grid resolution 300 � 300 � 300.
The data are partitioned into blocks of size 2�2�2, and each
block is summarized by the mean of its data. The mean-�eld
isosurface is visualized in Fig. 10b, which creates cracks or
thin features in the isosurface due to the loss of information.

Figure 10c visualizes the result of the proposed MAGIC
framework, which consumes �ve times more memory com-
pared to the mean. The result in Fig. 10c has the same most
likely isosurface topology as the mean-�eld isosurface, but
it conveys isosurface positions with uncertainty. Figure 10d
visualizes the result for the KDE model with a correlated
Gaussian kernel. We chose the �rst �ve samples per block
to achieve memory reduction; however, more smart sampling
methods may be investigated (e.g., �tting Gaussian mixture,
probability-based sampling) as a part of future research. The
KDE model improves the topological reconstruction compared
to the Gaussian model, with the ground truth in Fig. 10a as
the reference (indicated by green boxes).

The results obtained with our closed-form solutions are ef�-
cient and require 0:20 s and 19:12 s (TSerial) for the Gaussian
and KDE models with spatial correlation, respectively. Our
approach follows a surface-integrated uncertainty visualization
paradigm, similar to the previous work [19], [20]. In contrast,
the entropy [17] and cell-crossing probability [11], [60] met-
rics visualized in Fig. 10e and Fig. 10f, respectively, follow
a volume-rendering-based uncertainty visualization paradigm.
These methods utilize expensive Monte Carlo sampling of an
8D space (associated with uncertain data at the eight vertices
of a grid cell) and volume rendering, which leads to their
longer execution times of about TOpenMP = 11 mins for 500
samples per grid cell using the OpenMP backend with 10
computational threads. In terms of quality, however, volume
rendering models provide a more holistic view of spatial un-
certainty of isosurfaces across grid cells, unlike surface-based
uncertainty visualization approaches that are con�ned to the
most likely grid cells. Thus, volume-rendering-based methods
better portray the topological uncertainty of isosurfaces but are
computationally expensive.

C. Viskores for Accelerated Results

We created a parallel version of our algorithms using the
Viskores library [21] to enhance the performance of uncer-
tainty visualization. Figure 11 shows the performance plots
for the NYC �ow simulation dataset used in Sec. VII-A3. To
measure performance, we used the computational resources
provided by ORNL’s Frontier supercomputer [73]. In par-
ticular, performance results are obtained on AMD’s Instinct
MI250X GPU and 3rd Gen EPYC CPU with 112 cores. The
plots shown in Fig. 11 demonstrate the performance scaling of
our closed-form algorithm for the correlated Gaussian model
as the number of CPU cores increases.

In Fig. 11, we see a rise in speed-up up to about 22 CPU
cores, after which performance plateaus, likely due to mem-
ory access saturation. Our closed-form isosurface uncertainty
computation took 0:069 s and 0:054 s on a GPU and CPU
(112 cores), respectively. The same code required 0:77 s on a
single core. Thus, hardware accelerators provided a speed-up
up to 15�. If the same code is run using the classical Monte
Carlo approach with 4000 samples, it computes the result in
approximately 30 s (i.e., 39� slower compared to the runtime
of a closed-form solution on a single core). Thus, combining
our closed-form solutions with hardware acceleration results
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Fig. 10. Visualization of the iron density isosurface for the supernova simulation [72]. (a) Visualization of the ground truth data sampled at grid resolution
300 � 300 � 300. (b) Visualization of the dataset downsampled by a factor of 2 with resolution 150 � 150 � 150, which does not indicate the positional
uncertainty of features. (c) Uncertainty visualization of ilerp using the proposed MAGIC framework (150� 150� 150� 5). (d) Uncertainty visualization
of ilerp using KDE with correlated Gaussian kernel (150 � 150 � 150 � 5). (e-f) Previous studies on uncertainty visualization of isosurfaces using
volume rendering of entropy [17] and cell-crossing probability [11] metrics. The KDE model (d) recovers missing data features (e.g., the green boxes). Our
surface-integrated uncertainty visualizations (c,d) derived using closed-form solutions with a serial backend are much faster than the volume-rendering-based
uncertainty visualizations (e,f) derived using the Monte Carlo methods with 500 samples per grid cell and an OpenMP backend with 10 computational threads.

Fig. 11. Timing (a) and speed-up (b) curves as a function of the number
of CPU cores for isosurface uncertainty computation using our parallelized
closed-form algorithms with Viskores.

in a signi�cant speed-up of up to 15� 39 = 585� compared
to classical Monte Carlo solutions on a single core.

VIII. CONCLUSION AND FUTURE WORK

In this work, we present MAGIC, a novel closed-form
framework for ef�ciently computing marching cubes isosur-
face uncertainty when data uncertainty is modeled as a Gaus-
sian distribution with spatial correlation. Considering spatial
correlation is crucial for accurate uncertainty quanti�cation
and visualization, as shown in multiple previous studies [11],
[13], [17], [80]. However, the absence of analytical solutions
to date for Gaussian models with spatial correlation forces
scientists to use expensive Monte Carlo sampling algorithms
that are dif�cult to use in practice. Our work takes a step
to address this limitation of existing techniques by deriving
analytical solutions for the correlated Gaussian model to

visualize the MCA isosurface uncertainty more ef�ciently than
classical Monte Carlo algorithms.

Our key contributions include devising closed-form algo-
rithms that leverage prior work on the ratio of Gaussian
distributions [24]�[26] (Eq. 1) to ef�ciently quantify isosurface
uncertainty. Furthermore, we expand our analytical solutions
to more general nonparametric models with a correlated Gaus-
sian kernel for higher robustness of visualization to outliers.
Our closed-form algorithms provide a signi�cant speed-up
over the Monte Carlo approach, which is further ampli�ed
using our Viskores [21] parallel algorithms, making their use
practical within modern software, including ParaView and
Visit. Through experiments on synthetic and real datasets, we
demonstrate that accounting for spatial correlation yields a
more accurate quanti�cation and visualization of uncertainty
compared to models that ignore it.

There are a few limitations of our work. Our work is
currently limited to visualizing geometric uncertainty of iso-
surfaces con�ned to grid cells; however the challenge of
analyzing effects of data uncertainty on surface topology and
spatial surface distribution has not been suf�ciently addressed
yet. We will, therefore, investigate how spatial correlation
can be modeled and analytically propagated through volume-
rendering-based uncertainty models [11], [17] for ef�cient
visualization of surface distribution. Additionally, we will
investigate the effects of data uncertainty and correlation on
other topological descriptors, including critical points [81],
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Morse complexes [82], and contour trees [83]. We brie�y
demonstrated how our uncertainty visualization can play a
critical role in identifying stable and outlier ensemble members
(Fig. 4), which can subsequently help to resolve the iso-
surface uncertainty. Investigation of novel uncertainty-guided
algorithms to resolve feature uncertainty is another exciting
research direction, which we aim to pursue in our future work.
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