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Critical Point Visualization

Climatology Fapon 2T el

Critical point visualization with the
Topology Toolkit (TTK)
[Tierny et al., 2018]
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Noise in Data Creates Uncertainty in
Critical Point Positions

New/Shifted critical points
from noise
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Uncertainty Visualization of Critical Points
for Trusted Analysis ea o

Low Sea pressure High 0  probability 1 Critical points from
JERE “RREEEE the original data have
higher probability

More critical points
from compression

(a) Original critical (b) No uncertainty (c) With Uncertainty
points visualization visualization
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Uncertainty Visualization of Critical Points
for Trusted Analysis

Lowl

Critical point
High 0. . P“.’b"?‘bz',"i}.’_J Critical points from
- _ the original data have

ﬂ/ higher probability
S d

More critical points
from compression

(a) Original critical (b) No uncertainty (c) With Uncertainty
points visualization visualization

State of the art [Petz et al., 2012, Liebmann and Scheuermann, 2016, Vietinghoff et al., 2022]:
(1) resorts to computationally expensive Monte Carlo sampling
(2) restricted to parametric (e.g., uniform, Gaussian) noise models




Our Contribution

e Closed-form solutions (Upto 411x speed-up compared to Monte Carlo)
e Nonparametric models (e.g., histograms)

. | i
R fﬂj e VTK-m [Moreland et al., 2016] GPU acceleration
ritcal poin
0o prqbgb?lity _.-1 “. 14

I Pa raView
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Makes integration with
visualization tools practical!

(Upto 1646X faster and more accurate
than conventional Monte Carlo sampling)



Uncertalnty Visualization: Other Related Work

Confidence intervals and likelihood of critical points
[Mihai and Westermann, 2014, Giinther et al., 2014, Vietinghoff et al., 2022]

* Uncertainty visualization algorithms
Scalar fields (Isosurfaces [Pothkow et al. 2013, Athawale et al. 2016], Direct Volume Rendering [Liu et al.,
2012], Contour trees [Wu et al. 2012, Yan et al., 2020], Persistence diagrams [Vidal et al., 2020]), Vector fields
(Streamlines [Ferstl et al., 2016], Finite-time Lyapunov exponents [Guo et al., 2016]), Tensor fields (diffusion
tensor [Siddiqui et al., 2021] and HARDI [Jiao et al., 2012] imaging)

* Distribution models of uncertainty
Independent uniform/Gaussian [Athawale et al., 2013, Giinther et al., 2014], Correlated Gaussian [Pothkow et al.
2013, Petz et al., 2016], Nonparametric [Pothkow et al. 2013, Liu et al., 2012, Athawale et al. 2020]

* Acceleration of uncertainty computation
ML for uncertainty [Han et al., 2022], FunMC?: GPU acceleration [Wang et al., 2023], Hierarchical data structures
[Li et al., 2024]

* Rendering of uncertainty
Colormapping [Rhodes et al., 2003], Elevation maps [Petz et al., 2012], Glyphs [Wittenbrink et al., 1996]




Background and Problem Statement

Critical points in deterministic data
(This work only considers uniform-grided data)

Critical if:
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Background and Problem Statement

Critical points in uncertain data?
(Most real data have uncertainty)

pdfxa(xa)

Xi e Pdei (x,-)

2401 3404 240.1 3£0.2 2+0.1 3+0.4 240.1 n ‘/\ X, X = [ai,bi]
@
as b3
3402 4+0.3 3+0.1 5+0.2 3+0.4 4+0.3 340.2
pdfxa(xa) pdfxi(xi) pdfxa(x2)
240[1 310.2 2+0.3 3+0.1 2+0.2 3£0.5 240.1 [ /M ‘ /‘”\ I A
X4 X1 XE
a4 b4 ai b1 az b2
4+02 5+0.4 4+0.1[6+0.2 4+0.3 5+0.2| 440.1 :1/'\ w' I %e
Under uncertainty,
2402 3+0.3 2+0.1 [3+0.5 2+0.1 3+£0:2| 2+0.4 pdfxs(xs) we cannot
deterministically
3403 4+0.1 3+0.4 |[5+0.1 3+0.3 4£0.1| 3+0.2 o Xs classify if a point is
S a bs critical!

2403 3+0.4 2+0.5 3+0.1 2+0.1 3+0.4 2+0.2

Assumption: uncertainty over finite support



Background and Problem Statement

Critical points in uncertain data?
(Most real data have uncertainty) St Xi ~P de,- (xi)

2401 3+004 2+0.1 3102 2+0.1 3+0.4 240.1 ‘/\ % X; € [ai,bi]

o>

as b3

3+0[2 4+03 3+0.1 5+0.2 3+0.4 4+0.3 340.2

pdfxa(xa) pdfxi(x1) pdfxa(x2)
2+0[T 3+0.2 2%0.3 3+0.1 2£0.2 3105 240.1 [ /\A ‘ A [ /\
X4 X X2
as ar b1 az b
Il: P ‘e

4402 5+0.4 4+0.1[6+0.2 4+0.3 5+0.2| 440.1 w’ I
2402 34+0.3 2+0.1 [3+0.5 2+0.1 3+0.2| 240.4 pdfxs(xs)
3+03 4+0.1 3+0.4 [5+0.1 3+0.3 4+0.1| 3+0.2 O Xs
S as bs
2403 3404 2405 3+0.1 240.1 3404 2+0.2 What is the probability of “point p” to be a

local maximum, local minimum, or saddle?



Background and Problem Statement

pdfxa(x2) pdfxi(x1) pdfxa(Xas)
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What is the probability of “point p” to be
a local minimum? (1D case)?




Approach

.................. Xy Pr(local minimum)
— 0 81 b1 o0
X,
_ oo ...................... az_t)z ...................................... oo — J J J' (Pdf)JOlntdxl dxzdx3
X3 ................ Xl Xl <X2 X1<X3
- as by

Independence assumption: Pdf;,;,, = Pdf (x,)Pdfy (x,) Pdfy (x;)



Approach: Piecewise Integral

bmin = min(b1,b2,b3)

.................. X1 Pr(local minimum)
ST . b1 .......................... .
X,
o 82_[92 ...................................... S — J J J (Pdf)]omthIdxde3
X, Xq Y X1<X; Y X <X5
— as by @ simplifies to
The red range is always greater than X,! =0




Approach: Piecewise Integral

X, Pr(local minimum)

T — g .
X
g '32 bz ...................................... 5 — (Pdf)JOlntdxldxzdx3
X, X, Y X<X, Y X <X,
- as bs @simplifies to
The green range is always smaller
than X, and X, = J Pdty
X,




Approach: Piecewise Integral

X Pr(local minimum)
X
—06 ...................... 82 b2 ...................................... 00 — J J J (Pdf)]OZnthIdxde3
X3 Xl X1<X2 X1<X3
R 33 b ©° @ simplifies to
= J j Pdfy; Pdf,
X, Y X,<X,




Approach: Piecewise Integral

.................. X Pr(local minimum)
g— oy b2 ...................................... s — J J J (Pdf)jointdxldXde3
X3 Xl X1<X2 X1<X3
— 33 by @simplifiesto
=J J J Pdfj,in:
X1 Y X1<X, Y X1<X;5




Approach: Observations for the Integral
Computation Algorithm

Pr(local minimum) =0

.................. 2 X1 P A, Pr(local minimum) =
- ar N\ Dby 0
X2 bmin= mln(b1’b2’b3)
L og— éz_.bz ................................... 5 J J J (Pdf)jomtdxldXdefS
X3 Xl X1<X2 X1<X3
gy — aB b3 ........ oo

(1) Pieces depend on the order of start points [a,, a,, as] and b,

(2) Four types of integration simplifications (integration templates):

JPde1, j J Pdfy, Pdfy, J J' Pdfy, Pdf,; | J J
i X1 Y X1<Xp X, 4 X<X; Xp 7 X1<X

J Pdf
X, <X,



Approach: Observations for the Integral
Computation Algorithm

Pr(local minimum) =0

2 Xy P A Pr(local minimum) =
Tear N by >
X2 bmin = min(b1’b2’b3)
g—" éz_'bg ................................... < J J J (Pdf)joimdx1dxzdx3
X, X, X <X, Y X <X;5
_ g— é3 b3 ........ -

(1) Pieces depend on the order of start points [a,, a,, as] and b,
Thanks to

Wolfram
(2) Four types of integration simplifications (integration templates):  Ajphat!

JPde1, j J Pdfy, Pdfy, J J' Pdfy, Pdf,; | J J
i X1 Y X1<Xp X, 4 X<X; Xp 7 X1<X

J Pdf
X, <X,



Approach: Local Minimum Probability

Algorithm
Pr(l | mini =0 ..

__________________ o Xy by P Pr(local minimum) =

T a N by o0
X2 bmin = min(b1’b2’b3)
L og— ég_'bz ................................... 5 (Pdf)jointdxl ddeX3
X, X Y X<X, Y X <X;5

_ — 33 b3 ........ -

Algorithm:

(1) Sort a4, a,, a3 and b, to determine pieces P,

(2) Compute (precomputed) integral templates on the fly and sum them up



Approach: Local Minimum Probability

Algorithm
Pr(local mini =0 .
__________________ x 77T Prflocal minimum) -

% ar o N by 0

X2 bmin = min(b1’b2’b3)
g—" éz_'bz ................................... < (Pdf)joimdx1dxzdx3

X, X Y X<X, Y X <X;5

_grm— ég b3 ........ -

Time complexity: O(nlogn),

Algorithm: n = # start points a;
(extremely efficient and

(1) Sort a,, a,, a3 and by, to determine pieces P; ~ accurate than Monte Carlol)

(2) Compute (precomputed) integral templates on the fly and sum them up



Algorithmic Intricacies

pdfxa(x2) pdfxi(x1) pdfxa(xa)
A A X [A_X.
az b ai T as bs
® ° °
w p e
J J J (Pdf)jointdxldXde3
X, Ix,<x, I x,<X,

1D Case (2 neighbors)
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240/1 3+0.2 2+0.3 3+0.1 2

0.2 3£0.5 240.1

5+0.4 4+0.1 [6+0.2 4+0.3 5+0.2 440.1

2 3403 2+0.1 [3+0.5 2+£0.1 3£0.2] 2+0.4

B 4+0.1 3+0.4 [5£0.1 310.3 4+0.1\3+0.2

= |
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2D Case (4 neighbors)

pdfxa(Xs)

as bs
pdfxi(x1) pdfxa(x2)
X IA_Xi
ai 1 a2 b2

®  J

5 e

pdfxs(xs)

! Xs
s as bs

More integral templates/simplifications!



Algorithmic Intricacies: Nonparametric Noise
Models

Capture more realistic shape of distributions compared to parametric models

pdfxs(Xa) o
Pr(local minimum)
2 X3 l:h m:h
k—> =wY - Y Pr(p = luin)i j i 1.ms
=1 =1
pdfxa(xa) pdfia(x) pdfx2(x2) l "
e (e ke w=wommom
: > . . .
— I i— e h = # histogram bins
w p e
pdfxs(xs)
9 X H'H_l Xs
S —




Algorithmic Intricacies: Nonparametric Noise
Models

Capture more realistic shape of distributions compared to parametric models

pdfxa(xa)

Pr(local minimum)
o Xa

K— _Wz ZPI’ mmz]klm>
pdfxa(xa) pdfxi(x1) pdfxz(x2)
e [ Hhe  w=wommom
: > . . .
— I i— e h = # histogram bins
w p e
pdfxs(xs) Time complexity: O(h?),
[ H_H—l . (UQ more accurate than
s parametric, but inefficient!)




Algorithmic Intricacies: Nonparametric Noise

Models
Two approaches to enhance the performance of nonparametric models:
pdfxa(xs)
] L_rm y - Semianalytical solution
[ hE— i Time complexity: O(nh),

o (x1) (n: # Monte Carlo samples,
pdfxa(xa)

pdfxz(x2) h: # histogram bins)
Irrl-[l X4 “_’ﬂj X H—H_Ij %

= - — o 1T - VTK-m GPU acceleration
Probability computation per point
Pdfxs(xs) IS iIndependent of others
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Results: Synthetic Data
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Ackley function [Ackley, 1987]
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0 probability .9 0 probability o.g o____Probabilty o, probability g o Difference
B

Error max = 0.02
RMSE = 0.004
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0.015+
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500 1000 1500 2000
# Monte Carlo samples
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0.13 Seconds 1.28 Seconds 0.02 Seconds
(@) MC sampling (b) MC sampling (c) Proposed (d) Difference between (e) Convergence
(100 samples) (2000 samples) closed-form solution subfigures (b) and (c) curve

(64 x speedup with
respect to 2000 MC)



:> 50 ensemble
members

~ Add uniform

noise

L & 3 L

Results: Synthetic Data
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Ackley function [Ackley, 1987]
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(@) MC sampling (b) MC sampling (c) Proposed (d) Difference between (e) Convergence
(100 samples) (2000 samples) closed-form solution subfigures (b) and (c) curve

(119% speedup with
respect to 2000 MC)
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Results: Synthetic Data . .i

40 ensemble 10 ensemble
member member
Both the true and noisy peaks
are highlighted
o 0.7
Local
Maximum
probability
i 0
(a) Uniform (b) Independent (c) Epanechnikov (d) Multivariate (e) Histogram with (f) Histogram with
(Closed-form) Gaussian (Closed-form) Gaussian 5 bins (Closed-form) 5 bins (Semi-analytical)
(Monte Carlo) (Monte Carlo)
0.06 s 1.44 s, 0.58 s 1.82 s, 39.17 s 16.72 s,
1000 samples 1000 samples 1000 samples



Results: Synthetic Data . .i

40 ensemble 10 ensemble
member member

The noisy peak is less

highlighted
/= 0.7
Local
Maximum
. . ipmbabw
: 0
(a) Uniform (b) Independent (c) Epanechnikov (d) Multivariate (e) Histogram with (f) Histogram with
(Closed-form) Gaussian (Closed-form) Gaussian 5 bins (Closed-form) 5 bins (Semi-analytical)
(Monte Carlo) (Monte Carlo)
0.06 s 144 s, 0.58 s 1.82s, 39.17 s 16.72 s,
1000 samples 1000 samples 1000 samples



Results: Synthetic Data . .i

40 ensemble 10 ensemble
member member

Both the true and noisy peaks
are prominently highlighted

0.7
Local
Maximum
. . ipmbabw
0
(a) Uniform (b) Independent (c) Epanechnikov (d) Multivariate (e) Histogram with (f) Histogram with
(Closed-form) Gaussian (Closed-form) Gaussian 5 bins (Closed-form) 5 bins (Semi-analytical)
(Monte Carlo) (Monte Carlo)
0.06 s 1.44 s, 0.58 s 1.82 s, 39.17 s 16.72 s,
1000 samples 1000 samples 1000 samples



Results: Synthetic Data . .i

40 ensemble 10 ensemble
member member

The true peak is clearly The noisy peak is less

prominently highlighted _highlighted
B AT 0.7
Local
Maximum
. . - ipmbabw
: 0
(a) Uniform (b) Independent (c) Epanechnikov (d) Multivariate (e) Histogram with (f) Histogram with
(Closed-form) Gaussian (Closed-form) Gaussian 5 bins (Closed-form) 5 bins (Semi-analytical)
(Monte Carlo) (Monte Carlo)
0.06 s 1.44 s, 0.58 s 1.82 s, 39.17 s 16.72 s,
1000 samples 1000 samples 1000 samples



ReSU |tS: Real Data Climate Data: Energy Exascale Earth System Model (E3SM)

Data compression use case: compression error bound used to model data uncertainty
Compressor: MGARD [Gong et al., 2023], Compression ratio: 16.68

Low Sea pressure High
1 | / ‘ 1 Critical points from
e More critical points .o b, ) JM #/ the original data get
from compression = high babili
i - erroI;S ~E L . ‘o ‘m 1 | o 4 " igher probability
4. S

.
.
.
.
.
.
.
*
.

(a) Original critical (b) No uncertainty (c) Uncertainty visualization (d) Uncertainty visualization using
points visualization using 1000 MC samples proposed closed-form probabilistic algorithms
(4.94 seconds) (0.003 seconds, 1646 faster than MC sampling)

(411x:closed-form solution

Compute resources: Frontier supercomputer 4x:VTK-m implementation)




Resu Its: Real Data Oceanology: Red Sea simulation data [Sanikommu et al., 2020]

Ensemble data use case: 20 ensemble members of the velocity magnitude dataset each with data
resolution 500x500

velocityMagnitude velocityMagnitude

0.0 05 09

0.5 0.9

(@) Independent (b) Independent (c) Multivariate Gaussian (d) Independent (€) Ensemble () Ensemble
Uniform Epanechnikov (Petz et al., 2014 Histogram Member 1 Member 2
(Proposed) (Proposed) Liebmann et al., 2016) (Proposed)
0.094s 0.102s 0.167s 0.145s Critical point visualization with the
_ Topology Toolkit (TTK)
Compute resources: Frontier supercomputer [Tierny et al., 2018]
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RESU Its: Real Data Oceanology: Red Sea simulation data [Sanikommu et al., 2020]

VTK-m implementation enables seamless integration of our methods into ParaView for broader accessibility.

Search... X Space ParaView 5.12.0-RC3 (tags/v5.12.0-RC370)
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é@@%Annotation >@|i FM_%@%*{".}yéé}
00 Poel ; .
T emistry > S
ﬂbuiltin: Common > [\ . A > RenderView1 =) @@
5= ’ redsea_velocityMagnitude_¢ Data Analysis > —
> . EnsembleFieldToHistogramf e D G 5
@ ! UncertainCriticalPointsusing Material Analysis N
@ @ Glypht Point Interpolation >
Quadrature Points >
Statistics >
Temporal >
Uncertainty >  Ensel

B Uncertain Critical Points using Histograms

Information T

o0 ParaView
%) *® ?
, [Ahrens et al., 2005]
Search ... (use Esc to clear text) ﬁ]
== Properties (EnsembleFieldToHistogrz El] ‘.|
Ensemble Member o MinimnumProbability
Field
! .1 02 0. 40.
Number Of Bins 4 O? OI 0 Ui O\ 052
== Display (UniformGridRepresentation) H
Representation Slice
Coloring
° ensemble Magnitude

21 Edit < iz % p= o ]
Scalar Coloring

Map Scalars
Interpolate Scalars Before Mapping




Conclusion and Future Work

« Closed-form framework for accurate and efficient critical point
probability computation (upto 411x speed-up)

* Integration of closed-form framework with VTK-m library for near-real-time
computation of critical point uncertainty (upto 1646x speed-up)

 Seamless integration with ParaView using VTK-m for broader accessibility
* Future work: Closed-form uncertainty framework for critical points with

six/eight neighbors, 3D data, other topological visualizations
(e.g., persistence diagrams, contour trees)
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