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SUPPLEMENTARY MATERIAL

We discuss four aspects relevant to our paper. In Sect. 1,
we present a numerical experiment to validate the Green’s
theorem application in Sect. 4.1 of the paper. In Sect. 2,
we describe two-dimensional (2D) histograms and bivariate
kernel density estimation (KDE) for capturing the corre-
lation in bivariate data, which is relevant to Sect. 5.2 of
the paper. In Sect. 3, we present how the Monte Carlo
integration technique (Sect. 4.1 of the paper) can be applied
to nonclosed polyline traits for uncertainty quantification
of fibers. Lastly, we present an uncertainty visualization
result for fibers of the temperature and velocity magnitude
variables of the Red Sea dataset [1] in Sect. 4.

1 NUMERICAL VS. CLOSED-FORM POLYNOMIAL
INTEGRATION

We perform a numerical integration experiment (Fig. 1)
to confirm the correctness of our closed-form derivations
in Equation 4 of the paper. We compute the independent
bivariate Gaussian distribution function pdfX,Y (x, y) with
a mean of 0 and a standard deviation of 1 for random
variables X and Y over a 2D domain [−1, 1]2 with an i × i
grid resolution and then color map it, as shown in Fig. 1a.
In Fig. 1a, a polygon shown in red is randomly chosen to
perform the integration of the distribution function.

In a numerical integration approach, the polynomial can
be integrated over a polygon by performing a point-in-
polygon test for each grid vertex and summing up function
values for all grid vertices that lie inside the polygon. The
magenta curve in Fig. 1b visualizes the results of a numerical
integration plotted as a function of a grid resolution. The
green dashed line in Fig. 1b corresponds to the closed-
form integration computed via Equation 4 in the paper with
integrations corresponding to the standard Gaussian distri-
butions (third row of Table 1 of the paper). The magenta
curve in Fig. 1b converges to the green dashed line with an
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Fig. 1. Closed-form vs. numerical polynomial integration over a polygon.
Image (a) visualizes the color-mapped independent standard bivariate
Gaussian distribution function over a 100 × 100 grid. We integrate the
probability distribution function over the red polygon. In image (b), the
magenta curve plots the numerical integration computed as a function
of a grid resolution, and the green dashed line shows the closed-
form solution computed using Green’s theorem. The magenta curve
converges to the green dashed line with an increase in a grid resolution,
thus confirming the correctness of our derivation in Equation 4 of the
paper.

increase in a grid resolution, thus confirming the correctness
of our derivation in Equation 4 of the paper.

2 BIVARIATE DENSITY ESTIMATION FOR CORRE-
LATED NOISE ASSUMPTION

In the correlated noise case, 2D histograms or bivariate KDE
can be used to capture the correlation between random vari-
ables X and Y and the multimodality of their probability
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Fig. 2. A 2D nonparametric statistics. (a) The ground truth depicting a
mixture of two correlated Gaussians. (b) A 2D histogram with 200 bins
per variable. (c) Bivariate KDE with the Gaussian kernel computed over
a 200× 200 grid.
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Fig. 3. Visualization of fibers of the ethanediol dataset for a nonclosed polyline trait. Image (a) visualizes two traits T1 (magenta) and T2 (green)
selected as line segments in the continuous scatterplot space. Image (b) visualizes fiber surfaces corresponding to the two traits in the original
data. Images (c)-(e) visualize fiber positions for the hixel representation, where data are partitioned into blocks of size 2 × 2 × 2, and data within
each block are represented as a Gaussian distribution. The mean-field visualization in image (c) produces cracks in the fiber surfaces. Image (d)
visualizes interior probabilities derived using the Monte Carlo integration approach. Image (e) visualizes the likely fiber positions through level-set
extraction from the interior probability volume and provides fiber surface representation closer to the ground truth than the mean-field visualization.

distributions. Bivariate KDE extends the idea of univariate
KDE in Equation 5 of the paper to two variables [2]. Fig. 2
illustrates the two bivariate density estimation techniques.

Fig. 2a visualizes the ground truth probabilities that cor-
respond to a mixture of two correlated Gaussians, in which
the correlation is specified with a covariance matrix for each
Gaussian. Next, 10, 000 samples are randomly drawn from
each Gaussian. A 2D histogram of samples with 200 bins per
variable is visualized in Fig. 2b. A bivariate KDE with the
Gaussian kernel and Silverman’s rule of thumb is evaluated
on a grid of resolution 200 × 200 and visualized in Fig. 2c.
Both the 2D histogram and the bivariate KDE capture the
correlation and bimodality of a distribution pdfX,Y (x, y),
with the latter being smoother than the former.

3 FIBER UNCERTAINTY FOR NONCLOSED POLY-
LINE TRAITS

In the paper, we demonstrated all the results for polygonal
traits that are closed. Here, we discuss a scenario when
trait T is a polyline that is not closed. In the case of a
trait described with nonclosed polyline, the application of
Green’s theorem proposed in Sec. 4.1 and Sec. 5.1 of the pa-
per may not be utilized for deriving fiber uncertainties since
Green’s theorem is applicable for the integration over closed
loops. Thus, for nonclosed polyline traits, the Monte Carlo
integration approach proposed in Sec. 4.2 and Sec. 5.1 can
be utilized for deriving the positional uncertainty of fibers.
Specifically, we randomly draw R samples from probability
distributions pdfX(x) and pdfY (y) of random variables X
and Y , respectively, representing the uncertainty of bivariate

data per grid vertex. If S samples lie within a threshold dis-
tance of a polyline (where the threshold is a user-specified
small value), the interior probability Pr(U ∈ T ) can be
estimated as S/R.

In Fig. 3, we demonstrate results for the ethanediol
dataset when traits are specified as line segments. Specifi-
cally, we choose traits T1 (magenta) and T2 (green) as line
segments in a continuous scatterplot space (Fig. 3a) that cor-
responds to noncovalent and covalent bonds of the ethane-
diol molecule, respectively. The fiber surfaces correspond-
ing to the two traits are extracted with the fiber surface
extraction algorithm proposed by Carr et al. [3] using the
topology toolkit [4] in Fig. 3b. Next, we reduce the original
data with the Gaussian-distributed hixel representation [5].
Specifically, we partition the original data into blocks of size
2×2×2 and represent each block as a Gaussian distribution
with mean and standard deviation. Fig. 3c visualizes the
mean-field fiber surface, where each block is represented
as the mean of its Gaussian distribution. The mean-field
produces cracks in features that correspond to covalent and
noncovalent bonds and also does not indicate the positional
uncertainty of fibers.

Fig. 3d visualizes fiber probabilities (Pr(U ∈ T )) via
volume rendering, in which yellow indicates the positions
with high probability. We estimated fiber probabilities by
drawing 3000 samples from the Gaussian distribution per
grid vertex. The advantage of our probabilistic fiber visu-
alization over the mean-field approach for the analysis of
hixel data is evident in the probabilistic segmentation result,
visualized in Fig. 3e. The likely fiber surface representation
extracted with the probabilistic segmentation for isovalue
0.7 is spatially closer to the ground truth fiber surface
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Fig. 4. Visualization of an uncertain bivariate scalar field comprising the temperature and velocity magnitude variables over the Gulf of Aden. The
fiber positions are visualized using various statistical models in images (b)–(e) for the trait T , as indicated by a cyan polygon in the continuous
scatterplot shown in image (a). Image (b) visualizes the mean-field. Images (c)–(e) visualize the volume rendering of interior probabilities (left), most
probable fiber surface (center), and probabilistic segmentation (right) for different statistical models. The volume rendering of interior probabilities
indicates a significant uncertainty of the fiber positions compared to the mean-field. The most probable fiber surfaces for different statistical models
show a few topological differences, as seen in the inset zoom views. The probabilistic segmentation provides insight into the fiber positions with
a relatively high probability of existence (opaque) and low probability of existence (translucent) in the interior of a fiber surface. The green boxes
illustrate the positions where the fiber surface topology is (relatively) less sensitive to the choice of a statistical model.

(Fig. 3b) than the mean-field fiber surface (Fig. 3c).

4 VISUALIZATION OF THE RED SEA DATASET

We now present the application of our techniques for the
Red Sea ensemble simulation data [1]. Figure 4 visualizes
the results of our probabilistic uncertainty analysis of fibers
for the Red Sea simulation data [1]. The dataset was down-
loaded from the IEEE SciVis Contest 2020 website1 and
comprises ensembles of multiple variables pertinent to the
oceanology simulated for 60 time steps. In this experiment,
we analyze the positional uncertainty of fibers for 10 en-
semble members that correspond to the temperature and
velocity magnitude variables for a time step of 40 over the
Gulf of Aden sampled on a grid of resolution 250×200×50.

Fig. 4a visualizes a continuous scatterplot with the mean
of the velocity magnitude plotted on the horizontal axis and
the temperature variables plotted on the vertical axis for
each grid vertex. The trait T indicated by the cyan polygon
is selected to understand the fiber positions with relatively
high temperature and low velocity magnitude. Fig. 4b visu-
alizes the mean-field fiber surface corresponding to the trait

1. https://kaust-vislab.github.io/SciVis2020/

T . We quantify and visualize the uncertainty of fiber posi-
tions using our proposed independent parametric (Gaussian
noise), independent nonparametric (Gaussian kernel), and
correlated nonparametric KDE (Gaussian kernel) models in
Figs. 4c–4e. Specifically, we derive the interior probability
volume (i.e., Pr(U ∈ T ) per vertex), the most probable fiber
surface, and probabilistic segmentation for each statistical
model. For the correlated nonparametric KDE in Fig. 4e,
we utilize a 50 × 50 uniform grid per vertex for numerical
integration.

In volume rendering of the interior probability (second
column from left in Fig. 4), yellow (opaque), red (moderately
opaque), and white (least opaque) denote the positions with
relatively high, moderate, and low likelihood, respectively,
of the existence of fiber positions in the interior of a fiber
surface. From the direct volume rendering of interior prob-
ability volumes, we can observe that the uncertainty in fiber
positions for the selected trait T is quite significant (evident
in the red and yellow regions of volume rendering) when
compared with the mean-field visualization (Fig. 4b). The
most probable fiber surface for parametric and nonparamet-
ric statistical models (second column from right in Fig. 4)
appears similar to the mean-field fiber surface except for
a few topological differences (see the zoomed-in views).

https://kaust-vislab.github.io/SciVis2020/
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Finally, we perform segmentation of the interior probability
volumes, as depicted in the rightmost column of Fig. 4, to
gain insight into likely spatial positions that reside in the
interior of a fiber surface. Specifically, we extract the isosur-
faces with isovalues 0.8 (opaque), 0.7 (moderately opaque),
and 0.6 (least opaque) from the interior probability volumes.
The zoomed-in views illustrate the structural differences
between parametric and nonparametric noise models. The
green boxes in Fig. 4 enclose the fiber positions that were
less sensitive to the choice of a noise model.
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